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Abstract
Dielectric nano-swithes made of the materials that exhibit piezoelectric and/or flexoelectric prop-
erties with significant electro-mechanical coupling are considered. In this case, a nonuniform strain
field may locally break inversion symmetry and induce polarization even in nonpiezoelectrics. At
reducing dimensions to the nanoscale, the flexoelectric effect demonstrates the nonlocality of the
dielectric materials and plays more significant role than piezoelectric effect. The flexoelectric ef-
fect is included into consideration via additional term coupling strain gradient and polarization
in the electric enthalpy density. The equations of motion of the improved Euler-Bernoulli and
Timoshenko beam models, and 2-D plate theory have been obtained.
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I. INTRODUCTION
Electromechanical nano-switches as integral parts of nanoelectromechanical systems
(NEMS) find numerous technological applications as, e.g., mass memory storage, high-
frequency electrical switches, and mass or force sensors. Such high technological applications
demand combined efforts of engineering and science through modelling and simulations.
Hence, to design state-of-the-art nanotechnological devices with predetermined character-
istics, engineers need in addition to experimental techniques not only new formulas and
computational methods but also improved electromechanical models. The new models must
account for the nonlocal properties of the materials and new physical phenomena.
The nonlocality appears due to the noticeable role of interatomic forces in nano-objects.
In nonlocal theories, the constitutive equations take into account microstructure of real
materials and microscopic interaction length between, e.g., molecules in a lattice. From the
physical point of view, the nonlocality exhibits through special size-dependent effects such as,
for example, flexoelectricity - induced polarization due to the strain gradient. It is well known
that conventional continuum theories are size-independent and therefore cannot be applied
automatically for the analysis of NEMS devices. The most suitable tools for their analysis
are atomic and molecular models, but they are restricted by their computational capacity.
One of the ways to resolve this contradiction consists in the employment of improved, size-
dependent classical theories [1].
In the present work, we consider both piezoelectric and flexoelectric cases. In the latter
case, a nonuniform strain field may locally break inversion symmetry and induce polarization.
To take into account this effect, similar to [1], we assume that the electric enthalpy density
depends not only on strain, electric field, and polarization but also on strain gradient.
Then, we replace the polarization by its linear representations through the electric field and
strain. Using Hamilton’s principle, we obtain the equations of motion for Euler-Bernoulli
and Timoshenko beams as well as for 2-D plate. The higher order terms in the strain
from the electric enthalpy density give additional contribution to the bending rigidity of
the beam compared to classical solution. The analysis shows that taking into account the
strain gradient increases the elastic characteristics of the nano-switch considered in this
work. From the obtained formulas it is seen that at reducing dimensions to the nanoscale
the flexoelectric effect plays more significant role than piezoelectric effect. In the dynamic
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case, the Euler-Bernoulli beam model provides overestimated frequencies. Two-dimensional
model allows us to evaluate the electric potential accumulated in the nano-switch due to
induced nonuniform strain.
II. GOVERNING EQUATIONS
Electromechanical nano-switch may be simulated as a dielectric cantilever nanobeam
(Fig. 1). The material of the beam may have tetragonal or cubic symmetry or in another
words it may be piezo- or nonpiezoelectric.
First, let us consider flexoelectric properties of the beam. In [1]-[4] the fourth-order
flexoelectric tensor is introduced in two different ways: as µijkluj,kl
Pl = ε0ηlmEm + eljkSjk + µijklui,jk (1)
or as fijkl in the additional term in the thermodynamic potential [4]:
fijklPiuj,kl. (2)
Here, Sij , eijk, ηlm, are the components of the strain, dielectric, and relative permittivity
tensors, respectively, Pi, ui, Em, are the components of polarization, displacement, and
electric field vectors, respectively, εo is the permittivity of vacuum.
In [5] there is a structure of the flexoelectric coefficients for a cubic material (in matrix
notation): 

µ11 µ12 µ12 0 0 0
µ12 µ11 µ12 0 0 0
µ12 µ12 µ11 0 0 0
0 0 0 µ44 0 0
0 0 0 0 µ44 0
0 0 0 0 0 µ44


.
According to [1] and [6], the electric enthalpy may be presented in the form
H(Sij, Pi, Pi,k, ui,jk) = W (Sij, Pi, Pi,k, ui,jk)−
1
2
ε0ϕ,iϕ,i + ϕ,iPi, (3)
W (Sij, Pi, Pi,k, ui,jk) =
1
2
aijPiPj +
1
2
bijklPj,iPl,k +
1
2
cijklSijSkl
+dijkSjkPi + eijklPj,iSkl + fijklPiuj,kl + gijkPiPk,j, (4)
3
FIG. 1: Cantilever beam(initial configuration).
where W is an energy density of deformation and polarization, aij, bijkl, cijkl, dijk, eijkl,
fijkl, gijk are the components of reciprocal dielectric susceptibility, polarization gradient-
polarization gradient coupling tensor, elastic tensor, piezoelectric tensor, polarization
gradient-strain coupling tensor, flexoelectric tensor, and polarization-polarization gradient
coupling tensor, respectively, ϕ is the potential of electric field.
Since the components of the stress tensor and the electric field vector Ei = −ϕ
′
i are
expressed as
Tij =
∂W
∂Sij
, Ei = −
∂W
∂Pi
,
we have
Tij = cijklSkl + dijkPk + eijklPk,l
−Ei = aijPj + dijkSjk + fijklui,jk (5)
Compare (1), (2), and the second equation of (5), we conclude that flexoelectric tensor fijkl
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has 21 nonzero components:
f1111 = −
µ11
a11
, f2211 = f3311 = −
µ12
a11
f1221 = f2121 = f1331 = f3131 = −
µ44
a11
f2222 = −
µ11
a22
, f1122 = f3322 = −
µ12
a22
f1212 = f2112 = f2332 = f3232 = −
µ44
a22
f3333 = −
µ11
a33
, f1133 = f2233 = −
µ12
a33
f1313 = f3113 = f2323 = f3223 = −
µ44
a33
In this work, we do not consider the terms with bijkl, eijkl, and gijk coefficients although it
might be done without difficulties.
Using the equations (3)-(5) we derive the equations of motion for a dielectric nanoswitch.
Here we consider a cantilever switch which may be presented as a Euler-Bernoulli or
Timoshenko beam or 2-D narrow plate (Fig. 1). The load applied to the free edge of the
cantilever simulates the case of nonuniform strain.
III. EULER-BERNOULLI BEAM MODEL
Within the framework of the Euler-Bernoulli model, the displacement can be written as
u1(x, y, z, t) ≡ u ≈ −zw
′
(x, t), u2(x, y, z, t) ≈ 0,
u3(x, y, z, t) ≈ w(x, t), (6)
Hence, based on the equations (6), the strains are equal to
S11 ≡ εx = −zw
′′
, S22 ≡ εy = 0, S33 ≡ εz = 0,
S12 = S21 ≡ γxy = S13 = S31 ≡ γxz = S23 = S32 ≡ γyz = 0. (7)
We assume that the electric field acts only in z−direction. Then, from (5) we can express
Ez as
−E3 ≡ −Ez = a33P3 + d31εx + f1133u,xz + f1313u,zx + f3113w,xx =
a33Pz − (d31z − f1133)w
′′
5
or
P3 ≡ Pz =
1
a33
(−Ez + (f1133 + d31z)w
′′
), (8)
where the low letter indexes after a comma mean the derivation with respect to corresponding
coordinates.
After substituting the equations (7), (8), into (3) and (4) and ignoring the polarization
gradient, we have
H =
1
2
c11z
2(w
′′
)2 +
1
2a33
(ϕ
′
z + (f1133 + d31z)w
′′
)2 −
d31w
′′ z
a33
(ϕ
′
z + (f1133 + d31z)w
′′
)− f1133
w
′′
a33
(ϕ
′
z + (f1133 + d31z)w
′′
)
−
ε0
2
E2z −
ϕ
′
z
a33
(ϕ
′
z + (f1133 + d31z)w
′′
) (9)
The equation of motion of the beam are derived via Hamilton’s principle [7]:
δ
∫ t2
t1
(Tk −H +Wd)dt = 0 (10)
where δ(·) denotes the first variation, Tk is the kinetic energy, and Wd is the work done by
the external forces and moments.
The kinetic energy of the beam by using the equation (6) can be written as
Tk =
1
2
∫
Vb
̺{u˙}T{u˙}dVb =
1
2
∫
Vb
̺[w˙2 + z2(w˙
′
)2]dVb =
1
2
̺
∫ l
0
[(w˙)2A+ I(w˙
′
)2]dx, (11)
where I =
∫
A
z2dA, A is the area of the beam’s cross section, Vb is the volume of the beam,
̺ is the mass density of the nano-switch’s material, and the length of the beam is equal to l.
If the beam is under the transverse force q, the work done is equal to
Wd =
∫ l
0
qwdx. (12)
Performing variation in (10) and using (9), (11), and (12), we obtain the equations
describing the electromechanical behavior of the beam
wIV (c11I −
d231I
a33
−
f 21133
a33
A)−
1
a33
∂2
∂x2
(f1133Q
el
z + d31M
el
z ) + ̺Aw¨ + ̺I
∂4w
∂x2∂t2
= q, (13)
6
(
3
a33
− ε0)ϕ
′′
zz +
d31
a33
w
′′
= 0 (14)
where Qelz and M
el
z are the electric transverse shear force and the electric bending moment,
respectively:
Qelz =
∫
A
Ez(x, z)dA
Melz =
∫
A
zEz(x, z)dA
with the associated boundary conditions
at x = 0
w = w
′
= 0, (15)
at x = l
(c11I −
d231I
a33
−
f 21133
a33
A)w
′′
−
d31
a33
Melz −
f1133
a33
Qelz = 0,
(c11I −
d231I
a33
−
f 21133
a33
A)w
′′′
−
d31
a33
∂
∂x
Melz − (16)
f1133
a33
∂
∂x
Qelz = P∗,
and at z = ±h/2
ϕ
′
z = 0, (17)
where P∗ is a force applied to the right edge of the cantilever.
The equations (13), (14) and the boundary conditions (15) - (17) couple the mechanical
displacement w and the electric potential ϕ.
From the equation (13) it is seen that piezoelectric and flexoelectric effects increase the
bending rigidity of the beam (a33 < 0) and for the beams with large cross-section area
and consequently large its moment of inertia, the term Af 21133/a33 plays insignificant role.
However, for small cross-sectional dimensions, when
f 21133
a33
> (c11 −
d231
a33
)
h2
12
,
where h is the thickness of the beam, the flexoelectric effect becomes noticeable.
The normalized Young modulus is
Y = 1−
d231
c11a33
−
12f 21133
c11a33h2
,
7
It is seen that at h→ 0 the flexoelectric term plays the dominant role in the bending rigidity.
The classical formula for the maximum delection of a cantilever beam wmax = P∗l
3/3Y
may be used to find the coefficient f1133 from experimental results:
f1133 =
√
1
a33
[c11
h2
12
−
P∗l3
3bhwmax.
]
It is obvious that the dispersive relation is
ω2̺(A− Ik2)− k4(c11I −
d31I
a33
−
f 21133
a33
A) = 0 (18)
where ω is a frequency and k is a wavenumber.
IV. TIMOSHENKO BEAM MODEL
In this model we assume that the displacements are presented as
u1(x, y, z, t) ≈ −zψ(x, t), u2(x, y, z, t) ≈ 0,
u3(x, y, z, t) ≈ w(x, t), (19)
where w is the transverse displacement of the points of the centroidal axis(y = z = 0), and
ψ is the rotation of the beam cross-section about the positive y−axis.
From (19), the strains are equal to
εx = −zψ
′
, εy = 0, εz = 0,
γxy = γyz = 0, γxz = w
′
− ψ. (20)
Since the narrow beam deflects in x − z plane, we consider only two components of the
electric field Ex and Ez. From (5) they can be expressed as
−Ex = a11Px + d15γxz + f1111u,xx
−Ez = a33Pz + d31εx + f1133u,xz + f1313u,zx + f3113w,xx,
or
−Ex = a11Px + d15(w
′
− ψ)− f1111zψ
′′
−Ez = a33Pz − d31zψ
′
− f1133ψ
′
+ f1313(w
′′
− ψ
′
),
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and hence
Px =
1
a11
(−Ex − d15(w
′
− ψ) + f1111zψ
′′
),
Pz =
1
a33
(−Ez + d31zψ
′ + f1133ψ
′
− f1313(w
′′
− ψ
′
)), (21)
After substituting the equations (20), (21) into (3) and (4) and ignoring the polarization
gradient, we have
H =
1
2
a11P
2
x +
1
2
a33P
2
z +
1
2
c11ε
2
x +
1
2
c55γ
2
xz + d15γxzPx
+d31εxPz + f1111P1uxx + P3(f1133uxz + f1313uzx + f3113wxx)−
1
2
ε0(ϕ
′
x)
2 −
1
2
ε0(ϕ
′
z)
2 + ϕ
′
xPx + ϕ
′
zPz =
1
2a11
(ϕ
′
x − d15(w
′
− ψ) + f1111zψ
′′
)2 +
1
2a33
(ϕ
′
z + d31zψ
′ + f1133ψ
′
− f1313(w
′′
− ψ
′
))2 +
1
2
c11z
2(ψ
′
)2 +
1
2
c55(w
′
− ψ)2 + d15(w
′
− ψ)
1
a11
(ϕ
′
x − d15(w
′
− ψ) + f1111zψ
′′
)−
d31zψ
′
a33
(ϕ
′
z + d31zψ
′ + f1133ψ
′
− f1313(w
′′
− ψ
′
))−
f1111
zψ
′′
a33
(ϕ
′
x − d15(w
′
− ψ) + f1111zϕ
′′
)
f1133
ψ
′
a33
(ϕ
′
z + d31zψ
′ + f1133ψ
′
− f1313(w
′′
− ψ
′
)) +
f1313
w
′′
− ψ
′
a33
(ϕ
′
z + d31zψ
′ + f1133ψ
′
− f1313(w
′′
− ψ
′
))
−
1
2
ε0(ϕ
′
x)
2 −
1
2
ε0(ϕ
′
z)
2 +
ϕ
′
x
a11
(ϕ
′
x − d15(w
′
− ψ) + f1111zψ
′′
) +
ϕ
′
z
a33
(ϕ
′
z + d31zψ
′ + f1133ψ
′
− f1313(w
′′
− ψ
′
))
The kinetic energy is equal to
Tk =
1
2
∫
Vb
̺{u˙}T{u˙}dVb =
1
2
∫
Vb
̺[zψ˙2 + w˙2]dVb =
1
2
̺
∫ l
0
[I(ψ˙2) + A(w˙)2]dx,
The work done is described by the equation (12).
Applying the Hamilton’s principle similar to previous section, we obtain the equations of
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motion for the Timoshenko beam
kA(c55 −
d215
a11
)(w
′′
− ψ
′
) +
d15
a11
∂
∂x
Qelx +
f1313
a33
(−
∂2
∂x2
Qelz − kA(f1133ψ
′′′
− f1313(w
IV − ψ
′′′
)))− q = ̺Aw¨
(c11I −
d231
a33
I −
(f1133 + f1313)
2
a33
kA)ψ
′′
+ kA(c55 −
d215
a11
)(w
′
− ψ)−
d31
a33
∂
∂x
Melz +
d15
a11
Qelx +
f1133 + f1313
a33
(f1313kAw
′′′
−
∂
∂x
Qelx ) +
+
f1111
a11
∂2
∂x2
Melx +
f 21111
a11
IψIV = ̺Iψ¨
ϕxx(
3
a11
− ε0) + ϕzz(
3
a33
− ε0) + (
d15
a11
+
d31
a33
)ψ
′
−
d15
a11
w
′′
= 0
with boundary conditions:
at x = 0
w = w
′
= ψ = ψ
′
= ϕ = 0,
and at x = l:
kA(c55 −
d215
a11
)(w
′
− ψ) +
d15
a11
Qelx +
f1313
a33
(−
∂
∂x
Qelz − kA(f1133ψ
′′
− f1313(w
′′′
− ψ
′′
))) = P∗
(c11I −
d231
a33
I −
(f1133 + f1313)
2
a33
kA)ψ
′
−
d31
a33
Melz +
f1133 + f1313
a33
(f1313kAw
′′
−Qelx ) +
f1111
a11
∂
∂x
Melx +
f 21111
a11
Iψ
′′′
= 0,
kA[(f1133 + f1313)ψ
′
− f1313w
′′
] +Qelz = 0,
f1111Iψ
′′
+Melx = 0,
ϕ = 0,
and at z = ±h/2
(
3
a33
− ε0)ϕ
′
z +
f1133 + f1313
a33
ψ
′
x −
f1313
a33
w
′′
= 0.
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Here k = 5/6 is the shear correction factor and
Qelx =
∫
A
Ex(x, z)dA.
Melx =
∫
A
zEx(x, z)dA.
Now, let us introduce new quantities
c1 =
√√√√c11 − d231a33 − (f1133+f1313)2a33r20
̺
, cs =
√
k(c55 −
d2
15
a11
)
̺
,
r0 =
√
I
A
.
Then, the dispersion relation can be written as
ω4 − ω2[
c2s
r20
+ (c2s + c
2
1)k
2] + c21c
2
sk
4 = 0,
or
ω =
√√√√1
2
((c21 + c
2
s)k
2 +
c2s
r20
)±
√
1
4
((c21 + c
2
s)k
2 +
c2s
r20
)2 − c2sc
2
1k
4 (22)
The equation (22) presents the frequencies for two wave modes. The lower frequency relates
to flexural wave and the higher frequency relates to shear wave.
From the formulas (22) and (18) it is seen that the eigenfrequencies increase if we take
into account the piezoelectric and/or flexoelectric effects. The results of the comparison
between the eigenfrequencies calculated within the framework of the Euler-Bernoulli and the
Timoshenko beam models coincide with the conclusions related to single-walled nanotubes
presented in [8].
V. TWO-DIMENSIONAL MODEL
In this model, we consider two components of the displacement u = u1 and w = u3 and
only three components of strain tensor acting in x and z direction
εx = ux, εz = wz, γxz = uz + wx
11
The electric field may be written as
−Ex = a11Px + d15γxz + f1111uxx + f1331(uxx + wxz) + f3311w31
−Ez = a33Pz + d31ux + f1133uxz + f1313(u31 + w11) + f3333wzz.
Now, the polarization may be expressed as
Px = −
1
a11
(ϕ
′
x − d15(uz + wx)− f1111uxx − f1331(uxx + wxz)−
f3311w31)
Pz =
1
a33
(ϕ
′
z − d31ux − f1133uxz − f1313(u31 + w11)− f3333wzz).
In this case, the equation (3) takes the form
H =
1
2
a11P
2
x +
1
2
a33P
2
z +
1
2
c11ε
2
x +
1
2
c33ε
2
z +
1
2
c55γ
2
xz + c13εxεy +
d15γxzPx + d31εxPz + P1(f1111uxx + F1331(uzz + wxz) + f3311wxz) +
P3(f1133uxz + f1313(uxz + wxx + f3333wzz)−
1
2
ε0(ϕ
′
x)
2 −
1
2
ε0(ϕ
′
z)
2 + ϕ
′
xPx + ϕ
′
zPz =
1
2a11
(ϕ
′
x − d15(uz + wx)− f1111uxx − f1331(uzz + wxz)− f3311wxz)
2
+
1
2a33
(ϕ
′
z − d31ux − f1133uxz − f1313(uzz + wxx)− f3333wzz)
2 +
1
2
c11u
2
x +
1
2
c33w
2
z +
1
2
c55(uz + wx)
2 + c13uxwz +
1
a11
(ϕ
′
x − d15(uz + wx)− f1111uxx − f1331(uzz + wxz)− f3311wxz) ·
(ϕ
′
x + d15(uz + wx) + f1111uxx + f1331(uzz + wxz) + f3311wxz) +
1
2a33
(ϕ
′
z − d31ux − f1133uxz − f1313(uzz + wxx)− f3333wzz) ·
(ϕ
′
z + d31ux + f1133uxz + f1313(uzz + wxx) + f3333wzz)−
1
2
ε0(ϕ
′
x)
2 −
1
2
ε0(ϕ
′
z)
2
The kinetic energy is
Tk =
1
2
∫
Vb
̺[u˙2 + w˙2]dVb
The work done is
Wd =
∫ l
0
(pu+ qw)dx,
12
where p is the longitudinal load and q is the transverse load. Via the Hamilton’s principle,
we have the equations of motion
uxx(c11 −
d231
a33
) + uzz(c55 −
d215
a11
) + wxz(c13 + c55 −
d215
a11
)− ϕxz(
d31
a33
+
d15
a11
) +
wxxx(
d15
a11
f1111 −
d31
a33
f1313) +
f1331
a11
d15uzzz − wxzz(
d31
a33
f3333 +
d15
a11
f1331)
f1111
a11
[ϕxxx + f1111uxxxx + f1331(uxxzz + wxxzz) + f3311wxxxz]
f1331
a11
[ϕxzz + f1111uxxzz + f1331(uzzzz + wxzzz) + f3311wxzzz]
f1133 + f1313
a33
[ϕxzz + f1133uxxzz + f1313(uxxzz + wxxxz) + f3333wxzzz]− p = ̺u¨,
wxx(c55 −
d215
a11
) + wzzc33 + uxz(c13 + c55 −
d215
a11
) (23)
−
d15
a11
ϕxx −
d15
a11
f3311wxxz + uxxx(
d31
a33
f1313 −
d15
a11
f1111)−
f1313
a33
[ϕxxz + f1133uxxxz + f1313(uxxxz + wxxxx) + f3333wxxzz] +
f1331
a11
[ϕxxz + f1111uxxxz + f1331(uxzzz + wxxzz) + f3311wxxzz]
f3333
a33
[ϕzzz + f1133uxzzz + f1313(uxzzz + wxxzz) + f3333wzzzz]− q = ̺w¨,
ϕxx(
3
a11
− ε0) + ϕzz(
3
a33
− ε0)− uxz(
d15
a11
+
d31
a33
)−
d15
a11
wxx −
f1111
a11
uxxx −
f3333
a33
wzzz − uxzz(
f1331
a11
+
f1313
a33
) + wxxz(
f1331
a11
+
f3311
a11
+
f1313
a33
) = 0
with the boundary conditions presented for the brevity sake in the form of partial derivatives
of the electric enthalpy function as: at x = 0
u = u
′
x = w = w
′
x = ϕ = 0, (24)
at x = l
∂H
∂ux
−
∂
∂x
(
∂H
∂uxx
)−
1
2
∂
∂z
∂H
∂uxz
= P∗,
∂H
∂uxx
= 0,
∂H
∂wx
−
∂
∂x
(
∂H
∂wxx
)−
1
2
∂
∂z
∂H
∂wxz
= 0, (25)
∂H
∂wxx
= 0,
∂H
∂ϕx
= 0,
13
and at z = ±h/2
∂H
∂uz
−
∂
∂z
(
∂H
∂uzz
)−
1
2
∂
∂x
∂H
∂uxz
= 0,
∂H
∂uzz
= 0,
∂H
∂wz
−
∂
∂z
(
∂H
∂wzz
)−
1
2
∂
∂x
∂H
∂wxz
= 0, (26)
∂H
∂wzz
= 0,
∂H
∂ϕz
= 0,
If the flexoelectric coefficients are equal to zero, the equations (23) coincide with the equa-
tions for plates presented in [7].
Numerical solution to the system (23) with the boundary conditions (24) - (26) allow us
to find the deflection of the nano-switch, the strains, the stresses, and the electric potential
accumulated in the cantilever.
VI. CONCLUSIONS
In the present work, the nonlocal properties of the dielectric materials at nanoscale have
been taken into account through the flexoelectric effect. Based on the Hamilton’s principle
and the electric enthalpy density with additional term describing the coupling between
the polarization and the strain gradient, the equations of motion for Euler-Bernoulli and
Timoshenko beam models as well as 2-D plate model have been derived. These equations,
may be used to analyse the static and dynamic behavior of cantilever nano-switch. The
formula connected the flexoelectric coefficient and the maximum deflection of the cantilever
has been presented.
Two dimensional model allows us to analyse the electric potential accumulated in the
nano-switch due to the flexoelectric effect.
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